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Section Two: Calculator-assumed 65% (54 Marks)

This section has eight (8) questions. Answer all questions. Write your answers in the spaces
provided.

Working time: 50 minutes.

Question 1 (6 marks)

X
(@)  The point P(—3,5) is translated by the column vectors [_27] and [y] to P'(9,—11).
Determine the values of the constants x and y. (2 marks)

FEOEEEE

b= L= [$1-15]
[y = 5]

Specific behaviours
v  value of x
v value of y

(b) Determine the single matrix that represents, in order, the composition of a rotation of 30°
anti-clockwise about the origin followed by reflection in the line y = x. Express matrix

coefficients in exact form. (4 marks)
Solution
1 V3
0 1]x[c0530 —sin30]= 2 2
1 0 sin30 cos30 1

2
V3
2 2

Specific behaviours
v" matrix for rotation
v" matrix for reflection
v multiplies in correct order
v’ correct matrix
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Question 2 (3 marks)
The diagram below shows four points A, B, C and D lying on the circumference of a circle. The
line PQ is a tangent to the circle at A, zBDC = 21°, £PAD = 35° and 2QAB = 62°.

Determine the size of angles x, y and z. (3 marks)

P A Q

Solution
x =180 — (180 — 35— 62) =97°

y =180 —-97 — 21 = 62°

z = £PAD = 35°

Specific behaviours
v'v'v each angle
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Question 3 (9 marks)

(a) If p=4i—2jand q = 3i + 2j determine

(i) the angle between the directions of p and q, to the nearest tenth of a degree.
(2 marks)

Solution
Using CAS angle is 60.255 = 60.3° (1dp)

Specific behaviours
v states angle
v’ rounds correctly

(ii) the scalar projection of q on p. (2 marks)

Solution

V3% + 22 x cos(60.255)

~ 1.79

45

Exact: —
5

Specific behaviours
v" expression for projection
v states value

(b) The vector 21i + 5aj has a magnitude of 29 and is perpendicular to the vector 4i — 2bj.
Determine the values of the constants a and b, where a < b. (5 marks)

Solution
212 4 (5a)? = 292
a==14

(21)(4) + (5a)(=2b) = 0
84 — 10(+4)b = 0

b= 2k
710
_ . ,..A
a="% =710

Specific behaviours
v’ uses magnitude to form equation
v calculate values of a
v" uses dot product to form equation
v  calculate values of b
v’ chooses correct pairing
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Question 4

(a)

(b)

Prove that sin 34 = 3sinA — 4 sin® A.

Solution

LHS =sin34
= sin(4 + 24)
= sin A cos2A + cos Asin 24

=3sind —4sin® A
= RHS

=sinA (1 — 2sin? A) + cos A (2sin A cos A)
=sinA — 2sin® A + 2sin A (1 — sin? A)

Specific behaviours

v expands sum of A and 2A

v" uses double angle identity for cos2A
v uses double angle identity for sin2A
v expands and simplifies

Hence, or otherwise, solve 3sin4d —4sin® 4 = % 0<A< g
Solution
1
in34 =—
Sin )
34 = T 5
6’6
A= T 5w
18’1
Specific behaviours
v one correct solution
v all solutions within required domain

SPECIALIST UNITS 1 AND 2

(6 marks)
(4 marks)

(2 marks)
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Question 5 (9 marks)
Triangle ABC has vertices A(1,2), B(4,—1) and C(5, 3).

(@)  The vertices ABC are transformed to A’B’C’ using matrix [_01 2] Write down the new

coordinates of the vertices and describe the transformation. (4 marks)
Solution
-1 0111 4 51_[1-1 -4 -5
[0 1”2 -1 3]_[2 -1 3]

A'(-1,2),B'(—4,-1),C'(-5,3)

Transformation is a reflection in the line x = 0.

Specific behaviours
v matrix product
v writes coordinates of vertices
v states reflection
v states equation of line of reflection

(b)  The vertices ABC are transformed to A" B"'C" by matrix M so that the new coordinates of
the vertices are A''(—4,3), B"(2,12) and C"'(—6,15).

(i) Determine the transformation matrix M. (3 marks)

Solution .
1 4 —4
M [2 —1] - [ 3 12]

me3 2 A

3 12ll2 -1
m=[y %

Specific behaviours
v writes matrix equation
v’ post-multiplies by inverse
v determines M

(i) If the area of triangle ABC is k square units, express the area of triangle A”"B"'C" in
terms of k. : (2 marks)
Solution
M| =6

New area = 6k

Specific behaviours
v determinant of M
v expresses area
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Question 6 (7 marks)
(a) How many numbers must be chosen from the set of integers between 1 and 2017
inclusive to be certain that one of the numbers chosen is a multiple of 10. (3 marks)
Solution

201 multiples of 10 between 1 to 2017.
Require 2017 — 201 = 1816 pigeonholes.

Hence must choose 1 817 integers.

Specific behaviours
v states # of multiples in set
v’ one pigeonhole for every non-multiple
v’ uses pigeonhole principle to add one

(b) A number is formed using four different digits chosen from those in the number 23 814.
Determine how many different numbers can be formed that are

(i) even. (1 mark)
Solution
n(A) =3x4x3x2=72

Specific behaviours
v’ states number

(i) greater than 8 000. (1 mark)

Solution
n(B) =1x4x3x2=24

Specific behaviours
v’ states number

(iii) even or greater than 8 000. (2 marks)

Solution
n(ANB)=1x2x3x2=12
n(AUB) =72+24—12 =84

84 numbers

Specific behaviours
v’ calculates number even and greater than 8 000
v states number
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Question 7 (6 marks)

The diagram shows a semi-circle, with diameter SR and centre 0, circumscribed by triangle ABC,
in which ZBAC = 42° and £BCA = 32°.

Determine, with reasons, the size of angles ZPRO and 2PRQ.

B

A S 0 R C

Solution
£AOP =90 — 42 = 48° (£APO = 90°, tangent-radius)
2PRO = 48 + 2 = 24° (centre £=2Xcircumference 2)

£C0Q =90 — 32 = 58° (as 2AOP)
20RQ = (180 — 58) ~ 2 = 61 (AOQR isosceles)
£PRQ = 61 — 24 = 37°

Specific behaviours

v £AOP
v £PRO
v’ reasoning
v LORQ
v £PRQ
v’ reasoning
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Question 8

(a)

(b)

Show that this statement is true when n = 5. (2 marks)

Solution
LHS =24+8+14+20+26=70

RHS =5(3(5)—1) =5 x 14 = 70

Hence statement true

Specific behaviours
v shows sum of terms for LHS
v shows substitution in RHS and states true

Use mathematical induction to prove the statement is true forn € Z,n > 5. (6 marks)

(8 marks)
The sum of the first n terms of the sequence 2 + 8 + 14+ 20 + - + (bn — 4) is n(3n — 1).

Solution

Assume statement true when n = k:
24+84+14+204+ -+ (6k—4)=k(Bk—-1)
Whenn =k + 1:

248414420+ 4+ (6k—4)+(6k—4+6)=k(3k—1)+ (6k—4+6)
=3k?+ 5k + 2
(k+1)(Bk+2)
k+1D)BKk+1)-1)
=n(Bn—-1)whenn=k+1

The statement is true for n = 5 and by induction,
the truth when n = k implies the truth whenn =k + 1
and hence the statement is true for n > 5.

Specific behaviours

v" assumed true forn = k

v adds next term to both sides

v’ simplifies RHS

v’ factors k+1 out of RHS

v indicates true forn =k + 1

v’ summary statement including truth of n = 5




